Continued fractions and irrational functions  by Hovstad, R.M.
Journal of Computational and Applied Mathematics 33 (1990) 157-162 
North-Holland 
157 
Continued fractions and irrational functions 
R.M. HQVSTAD 
Ndkkves vei 5 L 1020, 0670 Oslo 6, Norwqv 
Received 10 January 1990 
Revised 27 July 1990 
Abstract: A general theorem on correspondence of continued fractions to rational functions 
an extension of classical results and applications are given in several corollaries. 
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1. introduction 
The subject for study in this paper is continued fractions of the form 
“K ak(4 
k=l &(Z) 
is proved. The theorem is 
where the elements a&) and bk( z) are polynomials # 0 in the complex variable z for k 2 1. 
We suppose also that bk(0) + 0 and ak(0) = 0 ( ak( z) is 
The order of the zero point at z = 0 of a polynomial 
degree of a polynomial p(z) is denoted as usual by 
corresponds to a formal power series 
supposed to be nonconstant) for k >, 1. 
p(z) is denoted by ord p 3 0 and the 
deg p >, 0. The continued fraction (1) 
t1z Ordal + higher powers, t,+O, (2) 
at z = 0. For background to correspondence of continued fractions, see [3]. 
The problem discussed in this paper is what kind of additional restrictions must be imposed 
on the elements of (1) to ensure that (2) is the power series of a rational function (convergent 
near z = 0) Some classical results are known in this problem field. For example, if (1) is a 
C-fraction or an associated continued fraction, the power series (2) cannot be a power series of a 
rational function. See, for example, [3, p.3801, where further examples are mentioned. In Section 
2 we will show that we can reach a precise conclusion about correspondence of (1) to rational 
functions under fairly general restrictions on the eJ?ments of (1). The result is formulated in 
Theorem 1, which gives necessary and sufficient conditions to conclude that (2) is a power series 
of a rational function. In Section 3 we show how Theorem 1 can be applied in various situations. 
The method used in proving Theorem 1 is based on the study of tails. The continued fractions 
E ai(z) 
i-k hi(z) 
(3) 
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are called the tails of (1) for k 2 1. Clearly, (3) corresponds to a formal power series 
q( 2) = l$ordnk + higher pcJvers, t, # 0, 
at z = 0 for k > 1. From (3) we can conclude that 
(4) 
(5) 
formally for k 2 1. Let pO( t) be a given formal power series. Define the sequence { pk( z)}~ g 0 of 
formal power series in the following way: 
PM = ?&)&I(r) (6) 
for k > 1. Combining (5) and (6) we get 
&)Pk&) - MZ)P,(Z) +I%+&) (7) 
formally for k >, 1. The identity (7) will play a crucial role in the proof of Theorem 1. We will 
also make use of 
(--l)%+,(~) =-4,(~)P&) - &(Z)P,(Z) (8) 
for k 2 - 1. This follows easily by induction from (7), remembering that Ak( z) and Bk( z) are 
the numerators and denominators, respectively, of the usual approximants of (1). (See [3].) 
2 C~ndence to rational functiorJs 
We intend to prove the following theorem. 
m 1. In the continuedfiaction (l), where the elements are polynomials in z with a,(O) = 0 
( ak(z) nonconstant) and 6,(O) P 0 for k 2 1, we suppose that 
k-+1 
c ord a,- i max(deg aj, deg bi) (9) 
i=l i=l 
is bounded below for k belonging to cull infinite set of positive integers. Then (1) corresponds to a 
rarionalfuncrion at z = 0 if and only rf there exists a sequence { pk( z)} k > o of polynomials obeying 
4z)Pk-Az) = Uz?PR(z) +Pk+Az) 00) 
fork31 and 
k 
ord pk = c ord a,, deg pk = ‘i’max(deg ai, deg &) + const . (11) 
i=l i=l 
for k sufficiently iarge. 
Proof. First, suppose that (1) corresponds to a rational function 
PI(Z) 
Pa(z) (12) 
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at z = 0 where pO( 2) and pl( z) are polyaomktls. Then (12) has the power series expansion (2) at 
z = 0 and we can choose pa(O) = 1. Defining the sequence ( J+( z)}~>~ by the aid of (6) and 
using (7) we see that all pk( t) can be considered as polynomials for k 2 0. Thus deg pk is well 
defined for k >, 0. Further we see that (4) and (6) give 
ord pk = i ord ai 03) 
i=l 
for k >, 1 and the first part of (11) is obtained. Using now (7), we see that 
max(deg Pk 9 deg Pk+ I\ . T max(deg p&l, deg pk) + max(deg ak, deg bk) @ 
for k >, 1. This means that 
(14) 
max(deg pk, deg p&+1) - i max(deg ai, deg bi) 
i=l 
- 
< ma.&@ pk-13 deg pk) - ‘x’max(deg ai, deg bi) 
i = 1 
G m=(deg PO, d% Pl) (15) 
for k >, 2. Because of (9) and (13) we must have equality in the first inequality in (15) for k 
sufficiently large. This means that we have equality in (14) for all k 2 ko, where k, >, 1 is a fixed 
integer. Let n >, k, >, 1 be fixed. Suppose that deg pn+l , < deg p,,. Then (14) (with equality) gives 
for k = n that deg p,, = deg pn + deg a,, which means that deg a,, = 0. But this is a contradic- 
tion, since deg a, >, ord a, 2 1 (remember that ak(0) = 0 for k 2 1). Therefore, deg pn+l > 
deg p,,. Thus deg pk > deg p&l for ah k >, k, + 1 and 
deg pk+l = deg pk + max(deg ak, deg bk) (16) 
for k 2 k, + 1. From (16) we can now conclude (11) in the theorem. The condition (10) in the 
theorem is already fulfilled because of (7). 
Second, suppose that (10) and (11) in the theorem are f&i&d for a sequence ( pk( z)jk,O of 
polynomials. Then, using (8), we see that (1) corresponds to pl(z)/po(t) (remember that the 
denominators of the usual approximants of (1) are nonzero at z = 0 and ord pk tends to infinity 
when k + 00). Thus (1) corresponds to a rational function and the proof is completed. 0 
It should be mentioned that the idea of this proof originated in a closer analysis of [l]. 
3. Appkzdions 
In this paragraph we will apply Theorem 1 to give various irrationality results. 
Corollary 2. In the continued fraction (l), where the elements are po&nomials with ak(0) = 0 (a&) 
nonconstant) and bk(0) Z 0 for k >, 1, we suppose that 
k+l 
C ord ai - i max(deg ai, deg bi) (17) 
i=l i= 1 
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is unded below for k belonging to an infinite set of positive integers. Then (1) does not correspontl 
?o a rational function at 2 = 0 if 
deg 4-b ak 
for infinitely many vales of k. 
(18) 
Suppose that (1) corresponds to a rational function. Then, according to Theorem 1, there 
1s a polvnomi~ sequence {pk(z)]kaO obeying (10) and (11). Because of (11) we see that 
des P~+I =-deS ak + deS Pk-l for k sufficiently large. Therefore (10) gives us deg pk+, = deg 6, 
-i- deg pk for k &ficientiy large. Again using (ll), we find that max(deg ak, deg bk) = deg bk 
deg bk 2 deg ak for k sufficiently large, which contradicts (18) and the corollary is 
Cordlary 3, In the continued fraction cl), w&ere the elements are polynomials with ak(0) = 0 ( ak( z) 
nonconstant) and b,(O) + 0 for k 2 1, we suppose that 
deg b, < deg ak = ord ak (W 
for k sufficiently large. Then (1) does not correspond to a rational function at z = 0 if 
d%b,-=d%ak (20) 
for i*,finitely many values of k. 
beef. Corobry 2 applies since (17) is fulfiued and the result follows. 0 
Car&uy 4. ??ie continuedfiaction 
31) 
where b,(z) is a polynomial in z (b,(O) f 0) with deg bk > 1 for k > 1, does not correspond to a 
rational function at t = 0. 
proof. The partial denominators in (21) are polynomials in the variable z-l. Putting r, = deg bk 
for k B 1 and r, = 0, we consider the equivalence transformation of (21): 
(22) 
This continued fraction fulfils the conditions in Corollary 3 and the conclusion of this coro?lary 
applies. Thus the result follows. 0 
For Corollary 4, see [3] (P-fractions) and [5]. 
Corollary 5. The continued fraction 
; akz2 
k=l 1 +&z’ (23) 
where ak P 0 and & are complex numbers, does not correspond to a rational function at z = 0. 
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Proof. We use Corollary 3 with Q(Z) = akz2 and I+(t) = 1 + &z for k 2 1. Since deg bk < 1-z 
2 = deg ak = ord ak for k >, 1, we see that the result follows. Cl 
For Corollary 5, see [3, p.3801 on associated continued fractions. 
Corollary 6. The continued fraction 
O” a&’ 
K- &=1 1 ’ (24) 
where ak f 0 is a cOmp/eX number and nk 2 1 is an integer for k 2 1, does not correspond to a 
rational finction at z = 0. 
hf. We apply COrO&Uy 3 putting ak(z) = a$“* and b&) = 1 for k > 1. SillCC deg bk = 0 < 
l<n,=deg ak= ord ak for k 2 1, we see that the conclusion fohows. Cl 
For Corollary 6, see [3,4,6] on C-fractions. 
The last corollary is connected to an idea from [2], where convergence and magnitude of tails 
play a crucial role. 
Corollary 7. The positive T-fraction 
iz z 
k=l ek+dkZ (29 
(where e, > 0 and dk > 0 for k 2 1) does not correspond to a rational function at z = 0. 
Proof. Suppose that (25) corresponds to a rational function pl( z)/pO( z), where p,,(z) and pl( z) 
are polynomials. We can choose ~~(0) = 1. This rational function can be expanded into a 
convergent power series 
yrz+y2z2+ -*- +ykzk+ -** (26) 
for z near z = 0 and (25) corresponds to (26). The usual approximants of (25) can be written as 
.,$ A ‘z) =4(n) 
Mz) i=l z + j+(n) ’ 
(27) 
where pi(n) > 0 and q(n) > 0 for 1 f i 8 n. (See i3, p.3371.) From (27) we see that 
ai (28) 
i=l (Z+ Pi(n))&(n)' 
for n >, 1 and p >, 1. Let k >, 1 be an arbitrarily chosen integer. Combining (26) and (28) we see 
that 
n u.(n) yk’(-qk+’ c L 
i=l f-Mk 
(29) 
for n sufficiently large. Let now p z 1 be a fixed integer and z > 0. Then from (28) we can 
conclude 
(30) 
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for n sufficiently large. For the further development it is sufficient to consider the even part of 
(25). Using the result in [3, p.146] we see from (30) that 
(31) 
for z > 0 sufficiently small. Since the left-hand side in (31) is a rational function for z near z = 0 
and the right-hand side in (31) is an analytic function for ]arg z 1 < ‘TI (see again [3, p.146]), we 
can conclude that (31) is valid for all z > 0 (substituting the series with the rational function in 
question, since the series does not necessarily converge for all z > 0). Furthermore, we consider 
the quen= { Pkfz))kaO of polynomials as before and notice that the conditions of Theorem 1 
are fulfilled which means that the conclusion of this theorem applies. Thus, using (10) and (11) in 
our case, we have 
Pk(=) 
Pk-l(=) 
(32) 
and 
deg Pk - ‘b Pk-1 = 1 
for z > 0 and k sufficiently large. On the other hand, we see from (32) that 
(33) 
Pk(=) 1 
Pk-I(=) ’ dk 
for z > 0 and k sufficiently large. Letting z + 00 in (34), we see that deg pk < deg p&l for k 
sufficiently large, which contradicts (33) and the proof is completed. q 
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